Simple 3-designs of PSL(2,2n) with block size 6  by Li, Weixia & Shen, Hao
Discrete Mathematics 308 (2008) 3061–3072
www.elsevier.com/locate/disc
Simple 3-designs of PSL(2, 2n) with block size 6
Weixia Lia, Hao Shenb,∗
aSchool of Mathematical Sciences, Qingdao University, Qingdao, Shandong 266071, China
bDepartment of Mathematics, Shanghai Jiao Tong University, Shanghai 200240, China
Received 14 June 2006; accepted 9 August 2007
Available online 24 September 2007
Abstract
In this paper, we give necessary and sufﬁcient conditions for the existence of a simple 3-(2n + 1, 6, ) design with PSL(2, 2n) as
an automorphism group.
© 2007 Elsevier B.V. All rights reserved.
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1. Introduction
A 3 − (v, k, ) design is a pair (X,B) in which X is a v-set of points and B is a collection of k-subsets of X called
blocks, such that every 3-subset of X is contained in precisely  blocks. A 3 − (v, k, ) design is simple if it contains
no repeated blocks. All of the 3-designs in this paper will be simple. Let G denote a subgroup of Sym(X), the full
symmetric group on X. It acts on the subsets of X in a natural way: If g ∈ G and S ⊆ X, then g(S) = {g(x) : x ∈ S}.
A subgroup G is called an automorphism group of the 3-design (X,B) if g(S) ∈ B for all g ∈ G and S ∈ B. For
S ⊆ X, let the orbit of S be
G(S) = {g(S) : g ∈ G}
and the stabilizer of S be
GS = {g ∈ G : g(S) = S}.
It is well known that |G| = |GS‖G(S)| (see [2]). It follows that G is an automorphism group of the 3-design (X,B) if
and only if B is a union of orbits of k-subsets of X under G (See [1]).
Let q be a prime power and X = GF(q) ∪ {∞}. We deﬁne 1/0 = ∞, 1/∞ = 0, 1 − ∞ = ∞ − 1 = ∞, ∞/∞ = 1.
X is called the projective line. For any a, b, c, d ∈ GF(q), if ad − bc = 0, we deﬁne a function
f : X −→ X
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Table 1
Permutation character of G
Order of g 1 2 d|2n − 1, d = 1 d|2n + 1
Order of the centralizer of g 6
(
2n+1
3
)
2n 2n − 1 2n + 1
Number of conjugacy classes 1 1 (d)/2 (d)/2
Number of ﬁxed points (g) 2n + 1 1 2 0
where
f (x) = ax + b
cx + d .
f is called a linear fraction. The determinant of f is
det f =
∣∣∣∣a bc d
∣∣∣∣= ad − bc.
The set of all linear fractionswhose determinants are non-zero squares forms a groupG, called the linear fractionalgroup
LF(2, q), which is isomorphic to the projective special linear group PSL(2, q).When q ≡ 3 (mod 4) the 3-designs with
block-sizes 4 and 5 that have LF(2, q) as an automorphism group are studied in [3], and when q ≡ 1(mod 4) quadruple
systems from LF(2, q) are reported in [6]. When q = 2n, 3-designs with block-sizes 4 and 5 that have LF(2, q) as
an automorphism group are reported in [7]. In this article we consider the case q = 2n and k = 6. As every element
of GF(q) is a square when q = 2n, so LF(2, q) is isomorphic to the projective general linear group PGL(2, q), i.e.,
PGL(2, 2n) is PSL(2, 2n).
We letG denote LF(2, 2n) in this paper. The subgroup structure ofG is known in [4] and in particular the permutation
character  for this action of G on X is given in Table 1.
Let (g) be the number of elements of X ﬁxed by g ∈ G. If g ∈ G of order m> 1, then g has a = (g)2 ﬁxed
points and b = (q + 1 − a)/m m-cycles. Thus the number of k-element subsets of X ﬁxed by g is
k(g) =
(a
r
)(b
q
)
if k = mq + r, 0r <m. (see [5]) From Table 1 we can deduce that g ∈ GB only when |g| ∈ {1, 2, 3, 5}, where
B is any 6-subset of X. Since G is sharply 3-transitive on X (see [2]), for each ordered triple (a, b, c) of elements of
X = GF(2n) ∪ {∞}, there is a unique linear fraction that maps (a, b, c) to (0, 1,∞) which is
h(x) = ha,b,c(x) = (x − a)(b − c)
(x − c)(b − a) . (1.1)
It is well known that (see [2])
|G| = (q + 1)q(q − 1) = q3 − q = 6
(
q + 1
3
)
. (1.2)
And the stabilizer of the set {0, 1,∞} is
G{0,1,∞} =
{
x,
1
x
, 1 − x, 1
1 − x ,
x
x − 1 ,
x − 1
x
}
.
Thus it is easy to see that if k > 3 each orbit of k-subsets of X is a 3 − (2n + 1, k, ) design for some . The main
purpose of this paper is to determine all the possible values of  in the simple 3-(2n + 1, 6, ) designs among the orbits
under the action of PSL(2, 2n) on X.
2. Orders of stabilizers of 6-subsets
Let B be a 6-subset of X, in this section, we will discuss the order of GB . The following lemma is easy to prove but
very important in this section.
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Lemma 2.1. Suppose g(x) = ax+b
cx+d ∈ G, then |g| = 2 if and only if a = d and (b, c) = (0, 0).
So, by Lemma 2.1, we may write g(x) = ax+b
cx+a if |g| = 2.
Lemma 2.2. Let B be a 6-subset of X. If 5| |GB | then 2  |GB |.
Proof. If 5‖GB |, then there exists g ∈ GB such that |g|= 5. Suppose B ={a1, a2, a3, a4, a5, a6}. Let (a1 a2 a3 a4 a5)
be a 5-cycle of g and a6 ∈ ﬁx(g). Let f ∈ G such that f (a1) = 0, f (a2) = 1, f (a3) = ∞, f (a4) = , f (a5) =  and
f (a6) = . Then
f = ha1,a2,a3 =
(x − a1)(a2 − a3)
(x − a3)(a2 − a1) .
Let B ′ =f (B)={0, 1,∞, , , }. Then fgf−1 ∈ GB ′ . (0 1 ∞  ) is a 5-cycle of fgf−1 and  ∈ ﬁx (fgf−1). Then
fgf−1 = h,0,1 = (x − )(−1)
(x − 1)(−) =
(x − )
(x − 1) .
We can get that
= (fgf−1)(∞) = ∞ − 
(∞ − 1) =
1

(2.1)
and
= (fgf−1)() = − 
(− 1) . (2.2)
It follows from (2.1) and (2.2) that = 1 and = 1− . So 2 + + 1= 0 and 1 = 1+ . Hence  and + 1 are the two
distinct roots of x2 + x + 1 over F2. Since = (fgf−1)()= −1−1 , then we have that = + 1 + 1 and = + 1 . So,
without loss of generality, we may take B = {0, 1,∞,  + 1 + 1,  + 1 , } and g(x) =
x−− 1
(+ 1 )(x−1)
, where  + 1 + 1
and + 1 are the two distinct roots of x2 + x + 1 over F2. If 2 + + 1 = 0, we have + 1 = 1 which is impossible.
So 2 + + 1 = 0.
Next, we will prove by contradiction that GB contains no elements of order 2. If GB contains an element h(x) of
order 2, then we may write h(x)= ax+b
cx+a by Lemma 2.1. If a = 0, we may write h(x)= x+mnx+1 where m= ba and n= ca .
If a = 0, then neither b or c is zero. So we may write h(x)= m
x
where m= b
c
= 0 or ∞. Let us deal with the two cases
of a = 0 and a = 0, respectively.
I. If a = 0, then we may write h(x) = x+m
nx+1 .
For h(0) = m ∈ B, h(∞) = 1
n
∈ B,m = 0,∞, and n = 0,∞, there are four cases according to the values of m:
Case 1: m = 1, 1
n
∈ {, + 1 + 1, + 1 }.
If 1
n
= , then n = 1 and h(+ 1 + 1) = + 1 . On the other hand,
h
(
+ 1

+ 1
)
=
+ 1
1
2 + 1
.
Then
+ 1
1
2 + 1
= + 1 .
So 12 + 1 + 1 = 0, for + 1 = 0. And so 2 + + 1 = 0 which is impossible.
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If 1
n
= + 1 + 1, then n = + 1 and h() = + 1 , i.e.,
+ 1
2
= + 1

.
And then + 1 = 3 +  for 2 = 0. So (+ 1)(2 + + 1) = 0 which is impossible.
If 1
n
= + 1 , then n = + 1 + 1 and h() = + 1 + 1, i.e.,
+ 1
2 +  = +
1

+ 1.
And then 1 = + 1 +1 for +1 = 0 . But this follows +1=0 which is impossible. Hence it is impossible for m=1.
Case 2: m = , 1
n
∈ {1, + 1 + 1, + 1 }.
If 1
n
= 1, then n = 1 and h(+ 1 ) = + 1 + 1, i.e.,
1

+ 1 + 1
= + 1

+ 1.
And then (+ 1 )2 + 1 = 1 for + 1 + 1 = 0 . So (+ 1 )2 + 1 + + 1 =  which is impossible for  = 0.
If 1
n
= + 1 + 1, then n = + 1 and h(1) = + 1 , i.e.,
1 + 
+ 1 + 1
= + 1 .
And then (+ 1 )2 + + 1 = 1 +  for + 1 + 1 = 0. So = 0 which is impossible.
If 1
n
= + 1 , then n = + 1 + 1 and h(1) = + 1 + 1, i.e.,
1 + 
+ 1
= + 1

+ 1.
And then (+ 1 )2 + + 1 = + 1 for + 1 = 0. So = 0 which is impossible. Hence it is impossible for m = .
Case 3: m = + 1 + 1, 1n ∈ {1, , + 1 }.
If 1
n
= 1, then n = 1 and h(+ 1 ) = , i.e.,
1
+ 1 + 1
= .
And then (+ 1) = 0 for + 1 + 1 = 0. This is impossible.
If 1
n
= , then n = 1 and h(1) = + 1 , i.e.,
+ 1
1
 + 1
= + 1

.
And then 1 + 1 = 1 for + 1 = 0. So 1 = 0 which is impossible.
If 1
n
= + 1 , then n = + 1 + 1 and h(1) = , i.e.,
+ 1
+ 1
= 
And then = 1 which is impossible. Hence it is impossible for m = + 1 + 1.
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Case 4: m = + 1 , 1n ∈ {1, , + 1 + 1}.
If 1
n
= 1, then n = 1 and h() = + 1 + 1, i.e.,
1

+ 1 = +
1

+ 1.
And then 1 = 2 + 1 . So 2 = 0 which is impossible.
If 1
n
= , then n = 1 and h(1) = + 1 + 1, i.e.,
1 + + 1
1
 + 1
= + 1

+ 1.
And then 1 + 1 = 1 for + 1 + 1 = 0. So 1 = 0 which is impossible.
If 1
n
= + 1 + 1, then n = + 1 and h(1) = , i.e.,
+ 1 + 1
+ 1 + 1
= .
So = 1 which is impossible. So it is impossible for m = + 1 .
II. If a = 0, then we may write h(x) = m
x
.
We have h(0) = ∞, h(∞) = 0, h(1) = m, and h(m) = 1. Then we obtain m ∈ {,  + 1 ,  + 1 + 1}. So there are
three cases:
Case 1: m = , h(x) = 
x
.
In this case, h(+ 1 ) = + 1 + 1, i.e.,

+ 1
= + 1

+ 1.
Then (+ 1 )2 + + 1 + 1 = + 1 for + 1 = 0. So + 1 = 0 which is impossible.
Case 2: m = + 1 + 1, h(x) =
+ 1+1
x
.
In this case, h() = + 1 , i.e.,
+ 1 + 1

= + 1

.
Then 12 + 1 +1=+ 1 for  = 0. So (+ 1 )2 ++ 1 +1=2 + 1 . And so 3 +1=0. Then 2 ++1=0 or +1=0
which is impossible.
Case 3: m = + 1 , h(x) =
+ 1
x
.
In this case, h() = + 1 + 1, i.e.,
+ 1

= + 1

+ 1.
Then 12 + 1 = + 1 + 1 for  = 0. So (+ 1 )2 + + 1 + 1 = 2 + 1. And so 2 + 1 = 0 which is impossible.
Summing up all the above discussions, we may claim that GB contains no elements of order 2. 
Lemma 2.3. If 3| |GB |, then 2| |GB | and |GB | = 12 or 24.
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Proof. Without loss of generality, we may take B = {0, 1,∞, , , } and g ∈ GB such that (0 1 ∞) and (  ) are
two 3-cycles of g. So g(x) = 11−x . Then = g() = 11− and
= g() = 1
1 −  =
1
1 − 11−
= − 1

.
Hence B = {0, 1,∞, , 11− , −1 } where 2 + + 1 = 0 since ,  and  are three distinct elements. Let us determine
the number of the elements of order 2 in GB . Let h(x) ∈ GB and h(x) be of order 2. As discussion in Lemma 2.2 the
cases are:
I. If a = 0, then we may write h(x) = x+m
nx+1 .
Case 1: m = 1, 1
n
∈ {, 11− , −1 }.
If 1
n
= , then n = 1 and h( 11− ) = −1 . On the other hand, h( 11− ) = 
2
2++1 , then
2
2++1 = −1 . It follows that
3 = 3 + 1 which is impossible.
If 1
n
= 11− , then n = 1 −  and h() = −1 , i.e., +1(1−)+1 = −1 . And then = 1 which is impossible.
If 1
n
= −1 , then n = −1 and h() = 11− , i.e., 
2+1
2++1 = 11− . And then 3 + 2 +  + 1 = 2 +  + 1 which is
impossible. So it is impossible for m = 1.
Case 2: m = , 1
n
∈ {1, 11− , −1 }.
If 1
n
= 1, then n = 1 and h( 11− ) = −1 , i.e., 
2++1
 = −1 which follows that = 0. It is impossible.
If 1
n
= 11− , then n = 1 −  and h(x) = x+(1−)x+1 . Since h(1) = −1 , so h(x) = x+(1−)x+1 ∈ GB .
If 1
n
= −1 , then n = −1 and h(1) = 11− , i.e., 1 + 2 = 11− . We have (2 + + 1) = 0 which is impossible. So
in this case, there is a unique element h(x) = x+
(1−)x+1 of order 2 contained in GB .
Case 3: m = 11− , 1n ∈ {1, , −1 }.
If 1
n
= 1, then n = 1 and h() = −1 , i.e., 
2++1
2+1 = −1 which implies 0 = 1. This is impossible.
If 1
n
= , then n = 1 and h(1) = −1 , i.e., 
2
2+1 = −1 which implies 2 + + 1 = 0. This is impossible.
If 1
n
= −1 , then n= −1 and h(x)= (1−)x+1x++1 . Since h(1)=  so h(x)= (1−)x+1x++1 ∈ GB . Hence, in this case, there
also exists a unique element of order 2 contained in GB .
Case 4: m = −1 , 1n ∈ {1, , 11− }.
If 1
n
= 1, then n = 1 and h() = 11− , i.e., 
2++1
2+ = 11− , and so = 1 which is impossible.
If 1
n
= , then n = 1 and h(x) = x++1x+ . Since h(1) = 11− , h(x) = x++1x+ ∈ GB .
If 1
n
= 11− , then n = 1 −  and h(1) = 12 = , i.e., 12 =  which is impossible. So there exists a unique element
h(x) = x++1
x+ of order 2 contained in GB in this case.
II. If a = 0, then we may write h(x) = m
x
.
Case 1: m = , h(x) = 
x
.
In this case, h( 11− ) = −1 , then we have = 1 which is impossible. So h(x) = x /∈GB .
Case 2: m = 11− , h(x) = 1(1−)x .
In this case, h() = 1
(1−) = −1 then we have = 0 which is impossible.
Case 3: m = −1 , h(x) = −1x .
In this case, h() = −12 = 11− , then we have 2 + 1 = 2 which is impossible.
By all the above discussions, we may claim that GB contains exactly three elements of order 2:
h1(x) = x + 
(1 − )x + 1 , h2(x) =
(1 − )x + 1
x + + 1 , h3(x) =
x + + 1
x +  .
Thus 2‖GB |. Finally, we are to prove by contradiction that |GB | = 12 or 24. If |GB | = 3 · 2n, n = 2, 3, then GB has a
subgroup H of order 2n (see [5]). For GB has no elements of order 4 or 8, each of H is of order 2. Then H has at least
3 elements of order 2. But H ′ = {0, h1(x), h2(x), h3(x)} is not a subgroup of GB for |h1h2(x)| = |g(x)| = 3. Then the
conclusion follows. 
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Lemma 2.4. If 2||GB | then |GB | = 4 or 8.
Proof. We may take B = {0, 1,∞, , , } and g ∈ GB such that (0 1), (∞), and () are three 2-cycles of g. So
g(x) = (x−1)
x− , then  = g() = (−1)− and then B = {0, 1,∞, , , (−1)− }. From  = (−1)− and  = (−1)− , we
deduce  = 2 and  = 2. Let us prove that |GB | = 4 or 8 by contradiction. If |GB | = 4 or 8, then all the elements of
GB are of order 2 by Table 1. Let us ﬁnd out all the elements of order 2 contained in GB . As before, the following are
all the cases:
1. If a = 0, then we may write h(x) = x+m
nx+1 .
Case I: m = 1, 1
n
∈ {, , (−1)− }.
If 1
n
= , then n = 1 and h1(x) = (x−1)x− = g(x) which is an element contained in GB of order 2 has been known.
If 1
n
= , then n = 1 and h2() = (−1)− , i.e.,
(− 1)
−  =
(− 1)
−  .
So =  which is impossible.
If 1
n
= (−1)− , then n = −(−1) and h3() = , i.e., + 1 =  which is impossible.
So, in this case, there exists a unique element h1(x) = (x−1)x− of order 2 contained in GB .
Case 2: m = , 1
n
∈ {1, , (−1)− }.
If 1
n
= 1, then n = 1 and h4() = (−1)− , i.e.,
+ 
+ 1 =
(− 1)
−  .
And then 2 + 2 = (2 + 1). So (2 + )(+ 1) = 0. This is impossible for  = 2 and  = 1.
If 1
n
= , then n = 1 and h5(x) = (x+)x+ . And then
gh5(x) = g
(
(x + )
x + 
)
=
(+  )x + 2 + (
1 + 
)
x
.
For +  = 0, |gh5(x)| = 2. This is a contradiction to that all the elements of GB have order 2.
If 1
n
= (−1)− , then n = −(−1) and h6(x) = (−1)(x+)(−)x+(−1) . And then
gh6(x) = g
(
(− 1)(x + )
(− )x + (− 1)
)
= (+ )x + (
2 + )(− 1)
(+ 1)x .
For +  = 0, |gh6(x)| = 2. Thus h6(x) /∈GB .
So there are no elements of order 2 contained in GB when m = .
Case 3: m = , 1
n
∈ {1, , (−1)− }.
If 1
n
= 1, then n = 1 and h7(x) = x+x+1 . And then
gh7(x) = g
(
x + 
x + 1
)
= + 
(1 + )x + +  .
Since +  = 0, |gh7(x)| = 2 and h7(x) /∈GB .
If 1
n
= , then n = 1 and h8(1) = (1+)+ , i.e.,
(1 + )
+ 1 =
(1 + )
+  .
And then (1 + )2 = 0 which is impossible.
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If 1
n
= (−1)− , then n = −(−1) and h9(x) = (−1)x+(−1)(−)x+− . And then
gh9(x) = g
(
(− 1)x + (− 1)
(− )x + − 
)
= (
2+ )x + 22 + 2
(+ 2)x + 2 + 2+ + 2 .
If 2+ = 2 + 2+ + 2, then = 0 or = 2. This is impossible. So |gh9(x)| = 2 and h9(x) /∈GB .
Hence, in this case, there exist no elements of order 2 contained in GB .
Case 4: m = (−1)− , 1n ∈ {1, , }.
If 1
n
= 1, then n = 1 and h10(x) = (−)x+(−1)(−)(x+1) . And then
gh10(x) = g
(
(− )x + (− 1)
(− )(x + 1)
)
= 
2+ 
(2 + − + )x + + 2 .
For + 2 = 0, then |gh10(x)| = 2 and h10(x) /∈GB .
If 1
n
= , then n = 1 and h11(1) = , i.e., − = .And then = 0 which is impossible. So h11(x) /∈GB .
If 1
n
= , then n = 1 and h12(x) = (−)x+(−1)(−)x+(−) . And then
gh12(x) = g
(
(− )x + (− 1)
(− )x + (− )
)
= (
2 + 2+ + 2)x + 22 + 2
(2 + 2)x + 2+  .
If
2 + 2+ + 2 = 2+ ,
then  = 0 or  = 2 which is impossible. So |gh12(x)| = 2 and h12(x) /∈GB . Hence, in this case, there are also no
elements of order 2 contained in GB .
II. If a = 0, then we may write h(x) = m
x
Case 1: m = , h13(x) = x .
In this case, h13() = (−1)− , i.e.,  = (−1)− , then we have = 2 or = 0 which is impossible. So h13(x) /∈GB .
Case 2: m = , h14(x) = x .
In this case,
gh14(x) = g
(

x
)
= x + 
x +  .
Since  = , then h14(x) /∈GB .
Case 3: m = (−1)− , h15(x) = (−1)(−)x .
In this case,
gh15(x) = g
(
(− 1)
(− )x
)
= (− )x + (− 1)
(− )x + − 1 .
For −  = − 1, then h15 /∈GB .
Thus we have proved that GB contains only one element of order 2. This is a contradiction to |GB |= 4 or 8. So
|GB | = 4 or 8. 
Lemma 2.5. If 5| |GB |, then |GB | = 5. If 3‖GB |, then |GB | = 6.
Proof. G is 3-transitive on X, so every orbit  of 6-subsets of X is a 3-(2n + 1, 6, ) design, and the number of
blocks is || = (q+1)q(q−1)6×5×4  = |G|120. If B ∈ , then || = |G||GB | and  = 120|GB | . So |GB | |120. If 5| ‖GB |, then |GB | ∈{5, 10, 15, 20, 30, 40, 60, 120}. By Lemma 2.2, we have |GB | /∈ {10, 20, 30, 40, 60, 120}. By Lemmas 2.2 and 2.3, we
have 3|GB | then |GB | = 15. So |GB | = 5.
If 3||GB |, then |GB | ∈ {3, 6, 12, 24, }. By Lemma 2.3 we know that |GB | = 3, 12 or 24. So |GB | = 6. 
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Combining Lemmas 2.4 and 2.5 gives the main theorem of this section:
Theorem 2.1. Every orbit of 6-subsets is a 3 − (2n + 1, 6, ) design with  ∈ {20, 24, 60, 120}.
3. 3-designs with block size 6 from PSL(2, 2n)
In this section, we study the existence of simple 3-designs with block size 6 from PSL(2, 2n). From now on, we let
m denote the number of the orbits each of which forms a 3 − (2n + 1, 6, ) design.
Lemma 3.1. If n ≡ 0 (mod 4) and n = 0, then(
2n − 2
3
)
≡ 4 (mod 40).
Proof. Since n ≡ 0 (mod 4) then
2n ≡ 16 (mod 240).
So
(2n − 2)(2n − 3)(2n − 4) ≡ 14 × 13 × 12 (mod 240).
And so
(2n − 2)(2n − 3)(2n − 4)
6
≡ 4 (mod 40) 
Lemma 3.2.
m24 =
{
1 if n ≡ 0 (mod 4)
0 otherwise.
Proof. Suppose  is an orbit which forms a simple 3− (2n + 1, 6, ) design. Then we claim that = 24 if and only if
 = G({0, 1,∞, ,  + 1 ,  + 1 + 1}), where  ∈ GF(2n) and ( + 1 )2 +  + 1 + 1 = 0. The necessity of the claim
can be obtained from the proof of Lemma 2.2. Let us prove the sufﬁciency. If  = G({0, 1,∞, ,  + 1 ,  + 1 + 1})
and (+ 1 )2 + + 1 + 1 = 0, then
g(x) =
x − − 1
(+ 1 )(x − 1)
∈ G{0,1,∞,,+ 1 ,+ 1+1}
and |g(x)|= 5 which implies that GB is of order 5 and so = 24. Next we determine the number of  such that + 1 is
a root of the polynomial x2 +x+1 over F2. Let + 1 =, where  is one root of the irreducible polynomial x2 +x+1.
Then  is one root of the polynomial x2 + x + 1 over F2() = GF(22). For none of the elements of F2() is a root of
the polynomial x2 + x + 1, x2 + x + 1 is irreducible over F2(). So x2 + x + 1 has two distinct roots (see [8]). If
 is one root of it then 4 is another. If n ≡ 0 (mod 4), {4, } ⊆ GF(24) ⊆ GF(2n). So m24 can only be 1 or 2. Let us
show by contradiction that B1 = {0, 1,∞, , + 1 , + 1 + 1} and B2 = {0, 1,∞, 4, + 1 , + 1 + 1}are in the same
orbit. Otherwise, m24 = 2 and
20m20 + 24m24 + 60m60 + 120m120 ≡ 8 (mod 20).
But, by Lemma 3.1, we have
20m20 + 24m24 + 60m60 + 120m120 =
(
2n − 2
3
)
≡ 4 (mod 20).
This is a contradiction and so m24 = 1.
If n /≡ 0 (mod 4), we see there exists no 6-subset B such that 5‖GB | from Table 1. So m24 = 0 if n /≡ 0 (mod 4). 
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Lemma 3.3. The number of orbits of 6-subsets is
N6 =
⎧⎪⎪⎨
⎪⎪⎩
(2n−1−1)(2n−2−1)(2n−1+6)+5(2n−1−1)
45 , n ≡ 1, 3 (mod 4),
(2n−1−1)(2n−2−1)(2n−1+6)+5(2n−1−2)
45 , n ≡ 2 (mod 4),
(2n−1−1)(2n−2−1)(2n−1+6)+5(2n−1−2)+36
45 , n ≡ 0 (mod 4).
Proof. By Table 1, 6(g) = 0, only when |g| ∈ {1, 2, 3, 5}. So, by the Cauchy-Frobenius-Burnside lemma, we have
N6 = 1|G|
⎛
⎝(2n + 1
6
)
+
(
2n/2
3
) |G|
2n
+
∑
g∈G,|g|=3
6(g) +
∑
g∈G, |g|=5
6(g)
⎞
⎠
= 1|G|
(
2n + 1
6
)
+
(
2n/2
3
)
/2n + 1|G|
∑
g∈G,|g|=3
6(g) +
1
|G|
∑
g∈G,|g|=5
6(g)).
Also by Table 1, we have
1
|G|
∑
g∈G,|g|=3
6(g) =
{
(2n−1−1)
9 , n ≡ 1, 3 (mod 4),
(2n−1−2)
9 , n ≡ 0, 2 (mod 4)
and
1
|G|
∑
g∈G, |g|=5
6(g) =
{ 4
5 , n ≡ 0 (mod 4),
0, n /≡ 0 (mod 4).
So
N6 =
⎧⎪⎪⎨
⎪⎪⎩
(2n−1−1)(2n−2−1)(2n−1+6)+5(2n−1−1)
45 , n ≡ 1, 3 (mod 4),
(2n−1−1)(2n−2−1)(2n−1+6)+5(2n−1−2)
45 , n ≡ 2 (mod 4),
(2n−1−1)(2n−2−1)(2n−1+6)+5(2n−1−2)+36
45 , n ≡ 0 (mod 4).
This completes the proof. 
Lemma 3.4. (i) m202 if n4. (ii) m205 if both n4 and m60 = 0.
Proof. Firstly, we suppose n6. Let
A=
{
A =
{
0, 1,∞, , 1
1 −  ,
− 1

}
|  ∈ GF(2n)\{0, 1, } and 2 + + 1 = 0
}
and
B=
{
B =
{
0, 1,∞, , 
2 + + 1 ,
2
2 + + 1
}
| ∈ GF(2n)\{0, 1, }
}
.
For any A ∈A, GA contains an element f (x)= 11−x of order 3. Then |GA| = 6 and G(A) is a 3-(2n + 1, 6, 20) design.
For any B ∈ B, GB contains an element
g(x) = x + 
2
(2 + + 1)x + 2
of order 3 andG(B) is a 3-(2n+1, 6, 20) design. Obviously, |A| 2n−43 and |B| 2
n−4
3 . It is easy to see that the 3-subset
{, 
2++1 ,
2
2++1 } contains one element which is the product of the other two. While the 3-subset {,
1
1− ,
−1
 }
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contains no such elements. SoA ∩B= ∅. And so
|A ∪B| = |A| + |B| 2
n+1 − 8
3
40> 20
since n6. Each element ofA∪B contains 3-subset {0, 1,∞} so the elements inA∪B cannot be in the same orbit.
Hence m202 when n6.
Secondly, we show that it is also true when n = 4 and n = 5. By Lemmas 3.2 and 3.3, we have⎧⎨
⎩
20m20 + 60m60 + 120m120 =
(
2n−2
3
)
− 24,
m20 + m60 + m120 = (2n−1−1)(2n−2−1)(2n−1+6)+5(2n−1−2)+3645 − 1
if n ≡ 0 (mod 4),⎧⎨
⎩
20m20 + 60m60 + 120m120 =
(
2n−2
3
)
,
m20 + m60 + m120 = (2n−1−1)(2n−2−1)(2n−1+6)+5(2n−1−2)45
if n ≡ 2 (mod 4), and⎧⎨
⎩
20m20 + 60m60 + 120m120 =
(
2n−2
3
)
,
m20 + m60 + m120 = (2n−1−1)(2n−2−1)(2n−1+6)+5(2n−1−1)45
if n ≡ 1, 3 (mod 4). It follows that{
5m20 + 3m60 = (2n−1−1)(3×2n−2−1)3 , n ≡ 1 (mod 2), (3.1)
5m20 + 3m60 = (2n−2−1)(3×2n−1+1)3 , n ≡ 0 (mod 2). (3.2)
If n = 4, then, by (3.2), we have
5m20 + 3m60 = 25
which has two solutions (2, 5) and (5, 0). This is what we want to prove. If n = 5, then
5m20 + 3m60 = 115.
Since m201 and 5|m60, so m6035. Hence
m20 = 115 − 3m605 2.
This completes the proof of part (i).
(ii) If m60 = 0, then{
m20 (2
4−1)(3×23−1)
15 = 23> 5, n ≡ 1 (mod 2),
m20 (2
2−1)(3×23+1)
15 = 5, n ≡ 0 (mod 2)
for n4. 
With the above preparations, we are now in a position to prove our main theorem:
Theorem 3.1. (i) If n ≡ 0 (mod 4), then there exists a simple 3 − (2n + 1, 6, ) design with PSL(2, 2n) as an
automorphism group if and only if  ≡ 0 (mod 20) and 0
(
2n−2
3
)
− 24 or  ≡ 4 (mod 20) and 0
(
2n−2
3
)
.
(ii) If n /≡ 0 (mod 4), then there exists such a simple 3 − (2n + 1, 6, ) design if and only if  ≡ 0 (mod 20) and
0
(
2n−2
3
)
.
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Proof. (i) For n ≡ 0 (mod 4), by Lemmas 3.2, 3.1 and Theorem 2.1 we have m24 = 1 and
20m20 + 60m60 + 120m120 =
(
2n − 2
3
)
− 24 ≡ 0 (mod 20)
so the necessity follows. Since m202 in general and m205 when m60 = 0 by Lemma 3.4, then for  ≡ 0 (mod 20)
with 0< 
(
2n−2
3
)
− 24, there exist non-negative integers xm20, ym60 and zm120 such that
= 20x + 60y + 120z.
Take x orbits of length |G|/6, y orbits of length |G|/2 and z orbits of length |G|, then this gives a simple 3−(2n+1, 6, )
design with G as an automorphism group.
For  ≡ 4 (mod 20) with 24
(
2n−2
3
)
, there exist non-negative integers xm20, ym60 and zm120 such that
= 20x + 60y + 120z + 24.
Take x orbits of length |G|/6, y orbits of length |G|/2, z orbits of length |G| together with the unique orbit of length
|G|/5, then this gives a simple 3− (2n + 1, 6, ) design with G as an automorphism group. This proves the sufﬁciency.
(ii) For n /≡ 0 (mod 4), if n = 3, then(
2n − 2
3
)
= 20,
so there exists exactly one orbit the length of which is |G|/6, i.e., m20 = 1. If n4, by Lemma 3.2 and Theorem 2.1
we have m24 = 0 and
20m20 + 60m60 + 120m120 =
(
2n − 2
3
)
≡ 0 (mod 20),
so the necessity follows.
Similarly, for  ≡ 0 (mod 20) with 0< 
(
2n−2
3
)
, there exist non-negative integers xm20, ym60 and zm120
such that
= 20x + 60y + 120z.
So there exists a simple 3 − (2n + 1, 6, ) design with G as an automorphism group. This proves the sufﬁciency. 
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